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Abstract. A universal algorithm to constructN -particle (classical and quantum) completely
integrable Hamiltonian systems from representations of coalgebras with Casimir elements is
presented. In particular, this construction shows that quantum deformations can be interpreted
as generating structures for integrable deformations of Hamiltonian systems with coalgebra
symmetry. In order to illustrate this general method, theso(2, 1) algebra and the oscillator
algebrah4 are used to derive new classical integrable systems including a generalization of
Gaudin–Calogero systems and oscillator chains. Quantum deformations are then used to obtain
some explicit integrable deformations of the previous long-range interacting systems and a (non-
coboundary) deformation of the(1+1) Poincaŕe algebra is shown to provide a new Ruijsenaars–
Schneider-like Hamiltonian.

1. Introduction

It is well known that quantum groups appeared in the context of quantum inverse scattering
methods as a new kind of symmetry linked to the integrability of some quantum models
constructed in Lax form (see [1–3]). Quantum algebras and groups are related by duality
[4] and, in the previous context, the concept of ‘quantum algebra invariance’ expresses the
commutativity of a given Hamiltonian with respect to the generators of a certain quantum
algebra. Since their introduction, the construction and analysis of quantum group invariant
integrable models has attracted much effort (see [5–9] and references therein) and a great
amount of literature has also been devoted to quantum group theory (see, for instance, [10]).

From an abstract mathematical point of view, two ideas were emphasized as a
consequence of these developments: the relevance of deformations (in the sense of [11]
and [12]) and the concept of Hopf algebra [13]. In particular, quantum algebras are simply
defined as Hopf algebra deformations of usual universal enveloping Lie algebras. On the
other hand, although quantum semisimple algebras were those initially linked to integrable
models, the construction of quantum deformations of non-semisimple Lie algebras has also
been successfully explored by using different methods (see [14, 15]).

This paper establishes a general and constructive connection between Hopf algebras and
integrability that can be stated as follows. Givenany coalgebra(A,1) with Casimir element
C, each of its representations gives rise to a family of completely integrable Hamiltonians
H(N) with an arbitrary numberN of degrees of freedom. We provide a constructive proof
of this statement that contains the explicit definition of such Hamiltonians and their integrals
of motion. Moreover, both classical and quantum mechanical systems can be obtained from
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3792 A Ballesteros and O Ragnisco

the same(A,1), provided we endow this coalgebra with a suitable additional structure (that
will be either a Poisson bracket or a non-commutative product onA, respectively). Note
that, instead of Hopf algebra structures, our construction makes use of the more general
term of coalgebra (neither the counit nor the antipode mappings will be explicitly used).

It is important to emphasize that the validity of this general procedure by no means
depends on the explicit form of1 (i.e. on whether the coalgebra(A,1) is deformed or
not). This fact is crucial in order to clarify the significance of quantum algebras (and
groups) in our framework: they are ‘only’ a particular class of coalgebras that can be used
to construct systematically integrable systems. However, the specific feature of such systems
will be that they areintegrable deformationsof those obtained by the same method when
we start from the corresponding non-deformed coalgebra. Moreover, usual Lie algebras
are always endowed with a coalgebra structure, and we shall see that many interesting
coalgebra-induced systems can be derived from them without making use of any deformation
machinery. In this way, a new general application (intrinsically different from the usual ones
[16, 17]) of Lie algebras in the field of integrable systems is presented. At this point, we
would like to mention that this result concerning non-deformed Lie coalgebras was already
proven in [18], and it can also be extracted from [19], but without explicit mention of the
underlying coalgebra structure.

In the next section the basics of Hopf algebras are revisited and the definition and
properties of Poisson coalgebras presented. Realizations of Poisson coalgebras on canonical
coordinates are introduced and coupled with the coproduct map in order to obtain two-
particle representations. Section 3 is devoted to the construction of a family ofN = 2
integrable systems from aso(2, 1) Poisson coalgebra structure. An integrable deformation
of this family is afterwards obtained by making use of the (standard) quantum deformation of
this algebra. This two-dimensional example contains the seminal ideas of our construction,
that need a proper generalization in order to reach the fullN -dimensional case. The
mathematical improvements needed to succeed in such a general scheme are presented
in section 4, that contains an analysis of the usual definition of theN th coproduct map
1(N) : A→ A⊗A⊗ . . .N)⊗A in terms of a recurrence relation that starts with the second-
order coproduct1 ≡ 1(2). It turns out that it is possible to rewrite1(N) in a different way
that is much more convenient for our purposes.

Section 5 introduces the general constructive result, valid for both classical and quantum
mechanical systems: theN th coproduct of any (smooth) function of the generators of a
coalgebra defines an integrable Hamiltonian whose constants of motion in involution are
given by themth coproducts of the Casimir elementC, with m = 1, . . . , N . Functional
independence among the constants is guaranteed by construction. Some comments
concerning the specific features of both the classical and the quantum mechanical cases
are included.

In order to show the direct applicability of these results, section 6 includes various
examples based on phase-space realizations of coalgebras (although the quantization of
some of them is not difficult, a careful treatment of some quantum mechanical examples
will be presented in a forthcoming paper). The first makes use of the classicalso(2, 1)
Poisson coalgebra in order to construct a new multiparameter generalization of an integrable
system that has been recently introduced by Calogero [20] and whose coalgebra symmetry
is manifestly extracted. The second non-deformed example is provided by the (primitive)
coalgebra linked to the (non-semisimple) oscillator algebrah4, that leads to a straighforward
proof of the integrability of a system of coupled oscillators first given in [21]. Afterwards,
the fact that quantum algebras can be interpreted as the generating objects of integrable
deformations is illustrated by using the standard quantum deformation ofso(2, 1) to obtain—
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through suitable Poisson realizations of this quantum algebra—an integrable deformation
of the previousso(2, 1) family. Finally, another interesting example of a quantum algebra
induced integrable system is provided by the Vaksman–Korogodskii deformation [22] of
the (1+ 1) Poincaŕe algebra, which gives rise to a Ruijsenaars–Schneider-like integrable
Hamiltonian [23]. It is interesting to note that, in this case, the system defined through
the non-deformed (1+ 1) Poincaŕe algebra is quite trivial; consequently, the quantum
deformation seems sometimes to be essential in order to produce a dynamically relevant
Hamiltonian.

In section 7 a deeper insight into theso(2, 1) models is presented by precluding the
use of canonical realizations and working with classical ‘angular momentum variables’. In
this way, the long-range nature of the interaction of these models is clearly appreciated.
Under this realization, the non-deformed coalgebra gives rise to the hyperbolicXXX

Gaudin magnet [24], and the integrable deformation linked toUz(so(2, 1)) is translated
into physical terms as the introduction of a variable range exchange [25] within the Gaudin
Hamiltonian. Finally, the paper is closed with some remarks concerning open questions and
future developments.

2. Coalgebras and Poisson realizations

2.1. Hopf algebras

A Hopf algebrais a (unital, associative) algebra(A, ·) endowed with two homomorphisms
called coproduct(1 : A −→ A ⊗ A) and counit (ε : A −→ C), as well as an
antihomomorphism (the antipodeγ : A −→ A) such that,∀a ∈ A:

(id⊗1)1(a) = (1⊗ id)1(a) (2.1)

(id⊗ ε)1(a) = (ε ⊗ id)1(a) = a (2.2)

m((id⊗ γ )1(a)) = m((γ ⊗ id)1(a)) = ε(a)1 (2.3)

wherem is the usual multiplication mappingm(a⊗ b) = a · b. This notion was introduced
by Hopf [13] in a cohomological context but, as we shall see, it expresses a basic idea
in many-body problems and it is often implicitly used. The aim of this paper is to make
its physical significance more explicit, that is basically concentrated within the coproduct
1. In fact, hereafter we shall deal mainly with coalgebras, i.e. algebras endowed with a
coassociative (2.1) coproduct1.

For our purposes, the most interesting example of coalgebra is provided by the universal
enveloping algebraU(g) of a Lie algebrag with generatorsXi . The algebraU(g) can be
endowed with a Hopf algebra structure by defining,

1(Xi) = 1⊗Xi +Xi ⊗ 1 1(1) = 1⊗ 1

ε(Xi) = 0 ε(1) = 1

γ (Xi) = −Xi γ (1) = 1.

(2.4)

These maps acting on the generators ofg are straightforwardly extended to any monomial
in U(g) by means of the homomorphism condition1(X · Y ) = 1(X) ·1(Y). In general,
an elementY of a Hopf algebra such that1(Y) = 1⊗ Y + Y ⊗ 1 is calledprimitive, and
Friedrichs’ theorem ensures that, inU(g), the only primitive elements are the generators
Xi [26]. On the other hand, the homomorphism condition implies the compatibility of the
coproduct1 with the Lie bracket

[1(Xi),1(Xj )]A⊗A = 1([Xi,Xj ]A) ∀Xi,Xj ∈ g. (2.5)
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From a physical point of view, ifg is the algebra of observables of some one-particle
physical system, the coproduct in (2.4) is just the usual definition of ‘total’ quantum
observables for the two-particle system.

In this context, quantum algebras are just coalgebra deformations ofU(g): a deformed,
but coassociative, coproduct is defined and a set of (possibly deformed) commutation rules
can be found in such a way that the compatibility condition (2.5) is recovered. The whole
‘quantum’ structure depends on (perhaps more than one) deformation parameters and the
non-deformed coalgebra (2.4) is recovered when all the parameters vanish. A well known
example is the standard (Drinfel’d–Jimbo [4, 27]) deformation ofU(so(2, 1)) with deformed
coproduct

1(J̃2) = 1⊗ J̃2+ J̃2⊗ 1

1(J̃1) = e−
z
2 J̃2 ⊗ J̃1+ J̃1⊗ e

z
2 J̃2

1(J̃3) = e−
z
2 J̃2 ⊗ J̃3+ J̃3⊗ e

z
2 J̃2

(2.6)

and deformed commutation rules compatible with (2.6)

[J̃2, J̃1] = J̃3 [J̃2, J̃3] = −J̃1 [J̃3, J̃1] = sinh(zJ̃2)

z
. (2.7)

Another important object is essential for our purposes: the existence of a deformed Casimir
that commutes with all the generators of the quantum algebra and, in this case, reads

Cz(J̃1, J̃2, J̃3) =
(

2
sinh( z2 J̃2)

z

)2

− J̃ 2
1 − J̃ 2

3 . (2.8)

As we shall see, both deformed and non-deformed Casimir elements will be the keystones
of the integrability properties of the systems induced from their respective coalgebras.

2.2. Poisson coalgebras and canonical realizations

In general, a Poisson algebraP is a vector space endowed with a commutative
multiplication and a Lie bracket{, } that induces a derivation on the algebra in the form

{a, bc} = {a, b}c + b{a, c} ∀a, b, c ∈ P. (2.9)

If P andQ are Poisson algebras, we can define the following Poisson structure onP ⊗Q:

{a ⊗ b, c ⊗ d}P⊗Q := {a, c}P ⊗ bd + ac ⊗ {b, d}Q. (2.10)

We shall say that(A,1) is a Poisson coalgebraif A is a Poisson algebra and the
coproduct1 is a Poisson algebra homomorphism betweenA andA⊗ A:

{1A(a),1A(b)}A⊗A = 1({a, b}A) ∀a, b ∈ A. (2.11)

Obviously, given any Lie algebrag a Poisson coalgebra can be obtained by defining a
Poisson bracket by means of the bivector

3 = ckij xk∂xi ∧ ∂xj (2.12)

where thex are local coordinates on a certain manifold linked to the generators ofg and
ckij is the structure tensor forg. We can immediately check that the coproduct (2.4) is
a Poisson map if the Poisson bracket on the tensor product space is defined by (2.10).
Quantum deformations can also be realized as Poisson coalgebras in this way: a natural
Poisson coalgebra linked toUz(so(2, 1)) is given by the bivector

3 = σ̃3∂σ̃2 ∧ ∂σ̃1 − σ̃1∂σ̃2 ∧ ∂σ̃3 +
sinh(zσ̃2)

z
∂σ̃3 ∧ ∂σ̃1 (2.13)
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and the coproduct (2.6) where the quantum algebra generators are replaced by their
corresponding local coordinates̃σi on R3. Obviously, the Poisson structure (2.13) wil
be non-degenerate on the symplectic leaf defined by(

2
sinh( z2 σ̃2)

z

)2

− σ̃ 2
1 − σ̃ 2

3 = cz. (2.14)

On the other hand, the connection between a Lie algebra and a one-particle system can
be made explicit by considering thatg is realized by means of smooth functions on the
one-particle phase spaceR2 with local coordinates(p, q)

D(Xi) = Xi(p, q). (2.15)

This means that, under the ‘canonical’ Poisson bracket

{f, h} = ∂f

∂q

∂h

∂p
− ∂h
∂q

∂f

∂p
f, h ∈ C∞(p, q) (2.16)

the ‘generators’ (2.15) close the initial Lie algebra:

{Xi(p, q),Xj (p, q)} = ckijXk(p, q). (2.17)

Two different one-particle realizations (2.15) will be equivalent if there exists a canonical
transformation that maps one into the other. A simple example is given by the following
one-particle realization of the Poisson coalgebra linked toso(2, 1):

D(J2) = p D(J1) = p cosq D(J3) = p sinq. (2.18)

This realization (that leads to a vanishing Casimir function) can be easily deformed:

Dz(J̃2) = p Dz(J̃1) = 2
sinh( z2p)

z
cosq Dz(J̃3) = 2

sinh( z2p)

z
sinq. (2.19)

These phase-space functions close a quantumso(2, 1) algebra (2.7) under the canonical
Poisson bracket (2.16).

Now, the essential feature of a Poisson coalgebra becomes evident: if we represent
A ⊗ A by using two copies of (2.15), the functions1(Xi)(q1, q2, p1, p2) (we use the
notationp ⊗ 1≡ p1, 1⊗ p ≡ p2, and so on) define the same Lie algebrag

{1(Xi),1(Xj )}A⊗A = 1({Xi,Xj }A) = ckij1(Xk) ∀Xi,Xj (2.20)

with respect to a bracket (2.20) given by

{f, h} =
2∑
i=1

(
∂f

∂qi

∂h

∂pi
− ∂h

∂qi

∂f

∂pi

)
. (2.21)

In particular, (2.21) leads to the Poisson bracket (2.10) provided we have chosenf =
a(q1, p1)b(q2, p2) andh = c(q1, p1)d(q2, p2).

In the case ofso(2, 1), this coalgebra property means that the following two-particle
functions defined through the coproduct (2.4) and the realization (2.18)

f1(q,p) = (D ⊗D)(1(J1)) = p1 cosq1+ p2 cosq2

f2(q,p) = (D ⊗D)(1(J2)) = p1+ p2

f3(q,p) = (D ⊗D)(1(J3)) = p1 sinq1+ p2 sinq2

(2.22)
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close theso(2, 1) algebra. The deformed construction is also immediate: from (2.6) and
(2.19) we obtain the functions

f z1 (q,p) = (Dz ⊗Dz)(1(J̃1)) = 2
sinh( z2p1)

z
cosq1e

z
2p2 + e−

z
2p12

sinh( z2p2)

z
cosq2

f z2 (q,p) = (Dz ⊗Dz)(1(J̃2)) = p1+ p2

f z3 (q,p) = (Dz ⊗Dz)(1(J̃3)) = 2
sinh( z2p1)

z
sinq1e

z
2p2 + e−

z
2p12

sinh( z2p2)

z
sinq2

(2.23)

that close aUz(so(2, 1)) algebra under the canonical Poisson bracket (2.21).

3. Casimirs andN = 2 integrable systems

Let us fix our attention on the examples of the previous section. If we recall the deformed
Casimir element (2.8) and its non-deformed counterpart

C(J1, J2, J3) = J 2
2 − J 2

1 − J 2
3 (3.1)

we know that both elements vanish, respectively, under the realizations (2.19) and (2.18)
(different canonical realizations will be labelled by the real value obtained when the Casimir
is represented). However, if in the non-deformedso(2, 1) case we compute the coproduct
of the Casimir (3.1), we obtain

1(C) = C(1(J1),1(J3),1(J2))

= (1⊗ J2+ J2⊗ 1)2− (1⊗ J1+ J1⊗ 1)2− (1⊗ J3+ J3⊗ 1)2

= 1⊗ C + C ⊗ 1+ 2(J2⊗ J2− J1⊗ J1− J3⊗ J3). (3.2)

When this abstract object is realized by using theD representation we obtain

C(2)(q1, q2, p1, p2) ≡ (D ⊗D)(1(C))
= 0+ 0+ 2[p1p2− (p1 cosq1)(p2 cosq2)− (p1 sinq1)(p2 sinq2)]

= 2p1p2(1− cos(q1− q2)). (3.3)

Therefore, although the Casimir vanishes on each space, the coproduct ofC has a ‘crossed’
contribution that is not trivial in the two-particle realization.

This non-trivial nature of1(C) is the cornerstone for the systematic generation of a
wide class of two-dimensional integrable systems; in any (Poisson) coalgebra endowed
with a Casimir element, since the coproduct is an algebra homomorphism andC is a central
element withinU(g), we can conclude that

{1(C),1(Xi)}A⊗A = 1({C,Xi}A) = 0 ∀Xi. (3.4)

Consequently, if the HamiltonianH(X1, . . . , Xm) is an arbitrary (smooth) function of the
algebra generators we shall have that

{1(C),1(H(X1, . . . , Xm))}A⊗A = 1({C,H(X1, . . . , Xm)}A) = 0. (3.5)

Therefore, a canonical realization of the coproduct of any (smooth) functionH of the
algebra generators of a coalgebra with Casimir elementC defines a two-particle completely
integrable Hamiltonian. In our case, any Hamiltonian

H(2)(q1, q2, p1, p2) := (D ⊗D)(1(H(J1, J2, J3)))

= (D ⊗D)(H(1(J1),1(J2),1(J3))) = H(f1, f2, f3) (3.6)
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will always be in involution with the functionC(f1, f2, f3) (3.3). For instance, the function

H = J 2
2 + κ2J

2
1 + κ1J

2
3 (3.7)

whereκ1 andκ2 are real parameters (that have a precise geometrical meaning in the context
of pseudo-orthogonal algebras [28]), together with theD realization and the formula (3.6)
gives rise to the two-particle Hamiltonian

H(2)(q1, q2, p1, p2) = (p1+ p2)
2+ 2p1p2(κ2 cosq1 cosq2+ κ1 sinq1 sinq2)

+p2
1(κ2 cos2 q1+ κ1 sin2 q1)+ p2

2(κ2 cos2 q2+ κ1 sin2 q2) (3.8)

that defines a two-parameter family of integrable systems for which (3.3) is a common
constant of motion. If we specializeκ1 = κ2 = 1, we obtain

H(2)(q1, q2, p1, p2) = 2(p2
1 + p2

2 + p1p2(1+ cos(q1− q2)). (3.9)

At this point, some remarks are in order.
(a) The choice of the Hamiltonian is constrained by the requirement of functional

independence between the two constants of the motion. In particular, if we choose
κ1 = κ2 = −1 we shall recover the coproduct of the Casimir 2p1p2(1− cos(q1 − q2)),
but now playing the role of the Hamiltonian. However, integrability is now ensured by
taking the coproduct of any generator as the second constant of the motion (iff2, we
deduce the conservation of the total momentap1+p2). Note that, in general, the coproduct
of a given generator is not in involution with (3.8).

(b) Many different Hamiltonians may have the same ‘hidden’ coalgebra symmetry, since
different phase-space representations and choices of the Hamiltonian function are possible.

3.1. N = 2 integrable deformations

Now it is essential to stress that the integrable nature of this construction is preserved for any
possible coalgebra with Casimir element that we could consider. Of course, deformations
of Lie algebras with coalgebra structure fall into this class and, therefore, can be used to
construct integrable systems.

Moreover, if a HamiltonianH(2) can be constructed by using the previous procedure,
any coalgebra deformation of its symmetry algebra will generate an integrable deformation
H(2)
z of H(2) (provided that a deformed Casimir elementCz and a deformed canonical

realizationDz are available).
In particular, the standard quantum deformation ofso(2, 1) (2.6)–(2.8) can be used to

define integrable two-particle Hamiltonians through the deformed coproduct of an arbitrary
functionH of the generators:

H(2)
z (q1, q2, p1, p2) := (Dz ⊗Dz)(1(H(J̃1, J̃2, J̃3)))

= (Dz ⊗Dz)(H(1(J̃1),1(J̃2),1(J̃3))) = H(f z1 , f z2 , f z3 ). (3.10)

This deformed Hamiltonian will always be in involution with the (deformed) phase-space
representation of the coproduct of the deformed Casimir (2.8), that reads,

C(2)z (q1, q2, p1, p2) ≡ (Dz ⊗Dz)(1(Cz)) = π1π2(1− cos(q1− q2)) (3.11)

where

π1 = 2
sinh( z2p1)

z
e
z
2p2 π2 = 2

sinh( z2p2)

z
e−

z
2p1. (3.12)
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An example of such a deformed Hamiltonian is provided by (3.7) where the generators are
now replaced by their deformed counterparts

H = J̃ 2
2 + κ2J̃

2
1 + κ1J̃

2
3 . (3.13)

From (3.10), and by making use of the deformed phase-space realization (2.23), we obtain
the integrable family of Hamiltonians

H(2)
z (q1, q2, p1, p2) = (f z2 )2+ κ2(f

z
1 )

2+ κ1(f
z
3 )

2

= (p1+ p2)
2+ 2π1π2(κ2 cosq1 cosq2+ κ1 sinq1 sinq2)

+π2
1(κ2 cos2 q1+ κ1 sin2 q1)+ π2

2(κ2 cos2 q2+ κ1 sin2 q2). (3.14)

Now, the deformation of the particular caseκ1 = κ2 = 1 reads

H(2)(q1, q2, p1, p2) = (p1+ p2)
2+ π2

1 + π2
2 + 2π1π2 cos(q1− q2). (3.15)

Note that, after deformation, the case (κ1 = κ2 = −1) is no longer the realization of the
deformed Casimir (3.11). Of course, in order to obtain the Casimir as a Hamiltonian we
should considerH ≡ Cz; then, anyf iz can be taken as the remaining integral of the motion
in involution. It also becomes apparent that the limitz→ 0 of (3.14) is just (3.8).

4. Coassociativity and higher-order coproducts

The coassociativity constraint (2.1) on1 means that, in principle, we could extend the
previous procedure in order to obtain a more complex system with three elementary
constituents. If we denote1 ≡ 1(2) (in order to make more explicit the fact that1
defines a two-particle system) the mapping1(3) : A → A ⊗ A ⊗ A has to be defined
through (2.1) by using one of the following expressions:

1(3) := (id⊗1(2)) ◦1(2)

1(3) := (1(2) ⊗ id) ◦1(2).
(4.1)

From (2.1), the result of this procedure is unique and does not depend on the space within
A⊗ A we had chosen to duplicate.

On the other hand, it is well known that, once the coassociativity has ensured the
correctness of the three-constituents system, the construction can be generalized to an
arbitrary number of tensor products ofA. For instance, we would have that

1(4) := (id⊗ id⊗1(2)) ◦1(3) (4.2)

will give rise to a fourth-order coproduct starting from the third one. In general, this
procedure is described in the literature either by the recurrence relation

1(N) := (id⊗ id⊗ . . .N−2) ⊗ id⊗1(2)) ◦1(N−1) (4.3)

or by the following similar one

1(N) := (1(2) ⊗ id⊗ . . .N−2) ⊗ id⊗ id) ◦1(N−1). (4.4)

These definitions mean that given the(N − 1)th coproduct, theN th one is obtained by
applying1(2) onto the space located at the very right (resp. left) site. As a consequence,
both (4.3) and (4.4) always emphasize the role of such ‘boundary’ vector spaces within the
tensor product. This should not be necessary, since the essential meaning of coassociativity
is that all elementary spaces are equivalent in order to build up a larger representation space
by using the coproduct.
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The algebraic transcription of this simple observation is the keystone for all further
developements included in this paper, and both the recurrence character of (4.3) and its just
mentioned ‘asymmetry’ can be avoided by means of the following definition

1(N) := (1(m) ⊗1(N−m)) ◦1(2) ∀m = 1, . . . , N − 1 (4.5)

where1(1) denotes the identity map id. The proof of the equivalence between (4.5) and the
usual one (4.3) is given in appendix A. The meaning of this new expression (4.5) can be
made more clear with the use of Sweedler’s notation [29] that expresses the two-coproduct
1(2) of an arbitrary element of the algebra as the linear combination

1(2)(X) =
∑
α

X1α ⊗X2α (4.6)

whereX1α andX2α are functions depending on the generators of the algebra. By introducing
this language in (4.5) we find that the theN th coproduct of a generator reads

1(N)(X) :=
∑
α

1(m)(X1α)⊗1(N−m)(X2α) ∀m = 1, . . . , N − 1 (4.7)

which means that the final result can be obtained inN − 1 different ways, all of them
equivalent, and given by the simultaneous application of two lower-degree coproducts on
each of the two tensor components produced by1(2).

Now it is not difficult to prove, by induction, that1(N) is an algebra homomorphism
betweenA andA⊗N

[1(N)(X),1(N)(Y )}A⊗N = 1(N)([X, Y }A) ∀X, Y ∈ A. (4.8)

A proof for this assertion can be found in appendix B. It is important to stress that the
symbol [x, y} denotes a general bracket, that can be either the Poisson bracket for classical
systems or the usual commutator for quantum mechanical ones. The underlying algebraic
structure is the same for both kinds of systems and the differences existing between them
arise from the different representation spaces we are working in.

In particular, in the case ofA ≡ U(g) and1(2) given by (2.4), the followingN th
coproduct for the generators ofg is obtained:

1(N)(Xi) = Xi ⊗ 1⊗ 1⊗ . . .N−1) ⊗ 1+ 1⊗Xi ⊗ 1⊗ . . .N−2) ⊗ 1+ · · ·
+1⊗ 1⊗ . . .N−1) ⊗ 1⊗Xi. (4.9)

which is just the definition of the usual ‘total observable’, and for which the homomorphism
condition is obviously fulfilled.

A more interesting example is provided by the deformation of (4.9) induced from (2.6).
An iterative use of (4.3) leads to the following expressions

1(N)(J̃2) = J̃2⊗ 1⊗ 1⊗ . . .N−1) ⊗ 1+ 1⊗ J̃2⊗ 1⊗ . . .N−2) ⊗ 1+ · · ·
+1⊗ 1⊗ . . .N−1) ⊗ 1⊗ J̃2

1(N)(J̃i) = J̃i ⊗ e
z
2 J̃2 ⊗ e

z
2 J̃2 ⊗ . . .N−1) ⊗ e

z
2 J̃2

+e−
z
2 J̃2 ⊗ J̃i ⊗ e

z
2 J̃2 ⊗ . . .N−2) ⊗ e

z
2 J̃2 + · · ·

+e−
z
2 J̃2 ⊗ e−

z
2 J̃2 ⊗ . . .N−1) ⊗ e−

z
2 J̃2 ⊗ J̃i i = 1, 3.

(4.10)

Now, by taking into account that, ifX is a primitive generator andh is an arbitrary complex
parameter, the relation1(ehX) = ehX ⊗ ehX holds, we can choose any integerm running
from 1 toN − 1 and check that (4.10) can be written in a much more compact form

1(N)(J̃i) = 1(m)(J̃i)⊗ e
z
2 J̃2 ⊗ . . .N−m) ⊗ e

z
2 J̃2 + e−

z
2 J̃2 ⊗ . . .m) ⊗ e−

z
2 J̃2 ⊗1(N−m)(J̃i)

= 1(m)(J̃i)⊗ e
z
21

(N−m)(J̃2) + e−
z
21

(m)(J̃2) ⊗1(N−m)(J̃i) (4.11)
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that exactly corresponds to the result that we would have obtained by directly applying
(4.5). This expression was already used in [18] to demonstrate the integrability of a precise
system constructed from the standard deformation ofso(2, 1).

5. The construction ofN -particle Hamiltonians

The procedure to obtainN = 2 integrable systems presented in section 3 can be generalized
to any number of degrees of freedom by making use of theN th coproduct. The statements
here presented are valid for both classical (Poisson) and quantum mechanical (commutator)
realizations of the underlying coalgebra(A,1). In order to emphasize this fact, the symbol
[x, y} will be used hereafter; appendix B contains the computations that support this notation.
On the other hand, the usual embedding ofA⊗A⊗ . . .m)⊗A within A⊗A⊗ . . .N)⊗A as

A⊗ A⊗ . . .m) ⊗ A⊗ 1⊗ . . .N−m) ⊗ 1 (5.1)

will be applied.

5.1. General results

The following proposition holds.

Proposition 1.Let (A,1) be a coalgebra with generatorsXi, i = 1, . . . , l and Casimir
elementC(X1, . . . , Xl), and let us consider theN th coproduct1(N)(Xi) of the generators
and themth coproduct1(m)(C) of the Casimir. Then,

[1(m)(C),1(N)(Xi)}A⊗A⊗...N)⊗A = 0 i = 1, . . . , l 16 m 6 N. (5.2)

Proof. The casem = N is easily proven by applying the homomorphism property for the
N th coproduct. On the other hand, by following Sweedler’s notation, the second coproduct
of the Casimir can be written as the sum

1(2)(C) =
∑
α

C1α ⊗ C2α. (5.3)

If we now compute (5.2) we obtain

[1(m)(C),1(N)(Xi)}A⊗...N)⊗A = [1(m)(C)⊗ 1⊗ . . .N−m) ⊗ 1,1(N)(Xi)}A⊗...N)⊗A (5.4)

= [1(m)(C)⊗ 1⊗ . . .N−m) ⊗ 1, (1(m) ⊗1(N−m)) ◦1(2)(Xi)}A⊗...N)⊗A (5.5)

=
∑
α

[1(m)(C)⊗ 1⊗ . . .N−m) ⊗ 1,1(m)(C1α)⊗1(N−m)(C2α)}A⊗...N)⊗A
(5.6)

=
∑
α

[1(m)(C),1(m)(C1α)}A⊗...m)⊗A ⊗1(N−m)(C2α) (5.7)

=
∑
α

1(m)([C,C1α}A)⊗1(N−m)(C2α) = 0 (5.8)

where (5.4) reflects the usual embedding (5.1). The next step (5.5) includes the definition
(4.5), that is applied in (5.6) with the help of (5.3). At this point the identity functions in the
first term allow us to split the (Poisson/commutator) bracket as (5.7), and the fact that we
have considered themth coproducts for the Casimirs leads to the final result by taking into
account that any order coproduct is a (Poisson/commutator) map and that [C,C1α}A = 0
for anyC1α function. �

This result provides a straightforward generalization of theN = 2 construction of
integrable systems sketched in section 3.



Construction of completely integrable Hamiltonians 3801

Theorem 2.Let (A,1) be a coalgebra with generatorsXi, i = 1, . . . , l and Casimir element
C(X1, . . . , Xl) and letH be an arbitrary (smooth/formal power series) function of the
generators ofA. Then, theN -particle Hamiltonian

H(N) := 1(N)(H(X1, . . . , Xl)) = H(1(N)(X1), . . . , 1
(N)(Xl)) (5.9)

fulfils

[C(m),H (N)}A⊗A⊗...N)⊗A = 0 16 m 6 N, (5.10)

where theN Casimir elementsC(m) (m = 1, . . . , N) are defined through

C(m) := 1(m)(C(X1, . . . , Xl)) = C(1(m)(X1), . . . , 1
(m)(Xl)). (5.11)

Proof. The fact thatH(N) andC(N) are in involution is again a straightforward consequence
of the homomorphism property of1(N). The rest of the proof follows directly from
proposition 1, that tell us that theN th coproduct of any generator commutes with all
the lower-dimensional coproducts of the Casimir. Since ourH is an arbitrary function of
such generators it will (Poisson)-commute with all the1(m)(C) elements. �

Corollary 3. In particular, all theC(i) elements generated by the Casimirs are in involution

[1(k)(C),1(j)(C)} = 0 ∀k, j. (5.12)

To prove this assertion, it suffices to takeN = max{k, j} and apply the theorem in the
caseH ≡ C. This ensures the involutivity among all the constants of motion. Note that, in
principle, we have a set ofN +1 constants of motion{C(1), C(2), . . . , C(N),H (N)}, butC(1)

can be a real number (see the examples in section 3) and, in that case, we are left withN

non-trivial integrals. On the other hand, functional independence among them is guaranteed
by the fact that eachC(i) element lives onA⊗A⊗ . . .i) ⊗A and that onlyC(N) andH(N)

will share the same tensor space. In caseH(N) is functionally dependent onC(N), we can
always take theN th coproduct of any generator as the remaining independent constant of
motion.

It is also immediate to check that, if our coalgebra has more than one functionally
independent Casimir elementsCi , the previous results hold simultaneously for all of them.

5.2. Classical mechanical systems

The systematic construction of classical systems is provided by the previous results when
applied onto a Poisson coalgebra. Complete integrability is obtained when a canonical
realizationD of the Poisson coalgebra is added to the general algebraic construction. As a
consequence, under suchD, the Poisson bracket to be used is

{f, h}A⊗A⊗...N)⊗A =
N∑
i=1

(
∂f

∂qi

∂h

∂pi
− ∂h

∂qi

∂f

∂pi

)
(5.13)

theN -particle classical Hamiltonian is written

H(N)(q1, . . . , qN , p1, . . . , pN) := (D ⊗ . . .N) ⊗D)(1(N)(H(X1, . . . , Xl)))

= (D ⊗ . . .N) ⊗D)(H(1(N)(X1), . . . , 1
(N)(Xl)))

= H((D ⊗ . . .N) ⊗D)(1(N)(X1)), . . . , (D ⊗ . . .N) ⊗D)(1(N)(Xl))) (5.14)
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and theN − 1 Casimir functionsC(m) (m = 1, . . . , N) read

C(m)(q1, . . . , qN , p1, . . . , pN) := (D ⊗ . . .m) ⊗D)(1(m)(C(X1, . . . , Xl)))

= (D ⊗ . . .m) ⊗D)(C(1(m)(X1), . . . , 1
(m)(Xl)))

= C((D ⊗ . . .m) ⊗D)(1(m)(X1)), . . . (D ⊗ . . .m) ⊗D)(1(m)(Xl))). (5.15)

Since each space is linked to only one degree of freedom, complete integrability of theN th
Hamiltonian follows from (5.15). If we are dealing withr independent Casimir functions
Ci , the formalism can lead to the preservation of complete integrability for any realization
D depending ont pairs (t 6 r) of canonical coordinates. Moreover, nothing prevents us
from the use of ‘non-canonical’ realizations, as we shall see in the following. On the other
hand, in the case that other canonical realizationsD′,D′′, . . . exist, their simultaneous use
in order to realize the tensor products ofA as, for instance,D ⊗D′ ⊗D′′ . . . will provide
‘mixed’ realizations of the same underlying abstract coalgebra.

It is also important to stress that no assumption concerning the explicit form of the
coproduct is needed to prove these statements. Therefore, deformed Poisson coalgebras
can be implemented with no difficulty within this algorithm in order to provide (deformed)
integrable systems, as was done forN = 2 in section 3.1.

5.3. Quantum mechanical systems

Proofs of the aforementioned results when the commutator bracket is considered, offer no
particular comments, up to those already included in appendix B, and the essential algebraic
features of the general method presented here are not modified by the non-commutativity
of the algebraA with respect to the(·) product.

However, from a computational point of view it is important to stress that in general extra
contributions coming from the unavoidable reordering processes will have to be considered.
Likewise, the quantum mechanical analogues of canonical realizationsD will be obtained
either by using the generatorŝp and q̂ of the Heisenberg–Weyl algebra or by means of the
so-called boson realizations in terms of the operatorsa anda+ fulfilling [ a, a+] = 1 (see
[30] and the references there included for recent applications of bosonization procedures in
the representation theory of quantum algebras). Among the Hamiltonians that are explicitly
constructed in what follows, those expresed in terms of canonical coordinates should be
quantized in that way, and the remaining ones would lead to quantum angular momentum
(and, in particular, spin) chains.

6. Some coalgebra-invariant classical integrable systems

We now present some examples of completely integrable systems obtained with the aid
of the previous results. Some of them are (to our knowledge) new ones, and others
(although already known) are shown to underly a ‘hidden’ coalgebra symmetry. Integrable
deformations appear under quantum coalgebra symmetry in a direct way.

6.1. Aso(2, 1) family including Calogero systems

If we recall the (undeformed)N th coproduct (4.9) for theso(2, 1) Poisson coalgebra and
considerN copiesD ⊗ D . . .N) ⊗ D of the canonical phase-space realization (2.18) we
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obtain the followingN -particle functions

f1(q,p) = (D ⊗D . . .N) ⊗D)(1(N)(J1)) =
N∑
i=1

pi cosqi

f2(q,p) = (D ⊗D . . .N) ⊗D)(1(N)(J2)) =
N∑
i=1

pi

f3(q,p) = (D ⊗D . . .N) ⊗D)(1(N)(J3)) =
N∑
i=1

pi sinqi

(6.1)

that close anso(2, 1) coalgebra. Now, if we take as Hamiltonian functionH the quadratic
two-parameter function (3.7), theorem 2 gives rise to the following integrable Hamiltonian

H(N)(q,p) =
( N∑
i=1

pi

)2

+ 1
2

N∑
i,j=1

pipj ((κ1+ κ2) cos(qi − qj )− (κ1− κ2) cos(qi + qj )).

(6.2)

All the constants of motion in involution are given by the phase-space realizations of all
themth coproducts of the Casimir functionC = J 2

2 − J 2
1 − J 2

3 (see (5.15)), that read

C(m)(q,p) =
m∑
i<j

2pipj (1− cos(qi − qj )) m = 2, . . . , N. (6.3)

Note that, in the chosen realization,C(1)(q1, p1) = 0.
The caseκ1 = κ2 means that (6.2) depends on the differences(qi − qj ). In particular, if

we specialize the parameters in the formκ1 = κ2 = −1, the chosen Hamiltonian coincides
with the Casimir. In that case, (6.2) is justC(N) and (6.3) gives usN−1 constants of motion
in involution (but, for instance, anyfi function (6.1) can be chosen to obtain a complete
family of integrals). The systemH(N) =∑N

i<j 2pipj (1− cos(qi − qj )) was first introduced

by Calogero [20] as an integrable Hamiltonian of the general typeH =∑N
i<j pipjf (qi − qj )

(the Hamiltonian structures underlying an integrable nonlinear shallow-water equation with
peaked solitons—the so-called ‘peakons’ [31]—belongs to that class of systems).

The ‘hidden coalgebra symmetry’ of this particular system was explicitly introduced in
[18] and it was also implicitely stated in [19]. However, a crucial point is that any function
H of the generators (and not only the Casimirs) can now be taken as the (integrable)
Hamiltonian, thus generalizing the original Calogero model in a highly arbitrary way. For
instance, if we specialize the parameters asκ1 = κ2 = 1, we arrive at theN -particle
generalization of (3.9):

H(N)(q,p) =
N∑
i=1

2p2
i +

N∑
i<j

2pipj (1+ cos(qi − qj )) (6.4)

which is of course in involution with all theC(m) functions (6.3).

6.2. The algebrah4 and an integrable oscillator chain

Any other Lie algebra can give rise to an integrable system by following the same procedure.
For instance, we mention here the oscillator Lie algebrah4 is generated by{N,A+, A−,M}
with Lie–Poisson brackets

{N,A+} = A+ {N,A−} = −A− {A−, A+} = M {M, ·} = 0. (6.5)
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Besides the central generatorM there exists another Casimir invariant forh4:

C = NM − A+A−. (6.6)

A canonicalD realization for this algebra with vanishing CasimirC is given by

D(N) = p D(A+) = √pe−q D(A−) = √peq D(M) = 1. (6.7)

Let us now consider theH function

H = λN + µA+A−. (6.8)

It is immediate to check that, by using the primitive coproduct (4.9) for all the generators,
theorem 2 provides the following integrable Hamiltonian

H(N)(q,p) = (λ+ µ)
N∑
i=1

pi + 2µ
N∑
i<j

√
pipj cosh(qi − qj ) (6.9)

which is just the one introduced in [21]. The integrals of the motion in involution are given
by the coproducts of the Casimir (6.6) in the chosen realization, and read

C(m)(q,p) =
m∑
i=1

pi −
m∑
i<j

2
√
pipj cosh(qi − qj ). (6.10)

The quantization of the Hamiltonian (6.9) has been performed in [32], where the equivalence
between the quantum version of (6.9) and a system of coupled oscillators is shown (see
also [33]).

6.3. An integrable deformation fromUzso(2, 1)

The (standard) quantum deformation ofso(2, 1) generates, through theN th order
generalization of the comultiplication map (4.10) and the deformed realizationDz, an
integrable deformation of the family (6.2). Let us fixN and start by defining the quantities

πk = 2
sinh( z2pk)

z

( k−1∏
i=1

e−
z
2pi

)( N∏
j=k+1

e
z
2pj

)
. (6.11)

TheN -particle canonical (deformed) phase-space realization will be

f z1 (q,p) = (Dz ⊗Dz . . .
N) ⊗Dz)(1

(N)(J̃1)) =
N∑
i=1

πi cosqi

f z2 (q,p) = (Dz ⊗Dz . . .
N) ⊗Dz)(1

(N)(J̃2)) =
N∑
i=1

pi

f z3 (q,p) = (Dz ⊗Dz . . .
N) ⊗Dz)(1

(N)(J̃3)) =
N∑
i=1

πi sinqi.

(6.12)

Now it is clear that, by taking as Hamiltonian function (3.13), theorem 2 provides the
following integrable Hamiltonian

H(N)(q,p) =
( N∑
i=1

pi

)2

+ 1
2

N∑
i,j=1

πiπj ((κ1+ κ2) cos(qi − qj )− (κ1− κ2) cos(qi + qj )).

(6.13)
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The integrals of the motion are just theDz realization of themth deformed coproducts
of Cz (2.8). A closed expression for them can be readily obtained if we realize that theπi
functions fulfil the relation

2

z
sinh(

z

2
(p1+ p2+ · · · + pm)) = π1+ π2+ · · · + πm. (6.14)

Now it is not difficult to check that the explicit formula forC(m)z is

C(m)z =
m∑
i<j

2πiπj (1− cos(qi − qj )) m = 1, . . . , N (6.15)

where and, as expected, in the limitz → 0 we recover the ‘classical’ Gaudin–Calogero
system (6.3).

Once again, the particular deformed systemκ1 = κ2 = −1 does not coincide with the
N th Casimir function, although the former can be obtained from the latter by substracting

the function1(N)((2
sinh( z2 J̃2)

z
)2− J̃ 2

2 ).

6.4. A Ruijsenaars–Schneider-like model from a quantum deformation of (1+ 1) Poincaré
algebra

The (1+ 1) Poincaŕe algebraP(1, 1) is generated by{K,H,P } and can be realized in
Poisson form by the following brackets

{K,H } = P {K,P } = H {P,H } = 0. (6.16)

The known Casimir function forP(1, 1) is,

C = H 2− P 2 (6.17)

and aC = 1 Poisson realization of this algebra in terms of a canonical coordinateq and its
conjugate rapidityθ is the following:

D(K) = q D(H) = coshθ D(P ) = sinhθ. (6.18)

If we consider the primitive coproduct (4.9) and take as Hamiltonian function just theH

generator, the resultant coalgebra-induced integrable system reads,

H(N)(q,θ) =
N∑
i=1

coshθi C(m)(q,θ) = m+
m∑
i<j

2 cosh(θi − θj ). (6.19)

Note that the associated dynamics is quite trivial since (6.19) depends only on the canonical
momenta.

However, a completely different system is derived when we consider the (non-
coboundary) quantum deformationUzP(1, 1) given by the deformed coproduct

1(K) = 1⊗K +K ⊗ 1

1(H) = e−
z
2K ⊗H +H ⊗ e

z
2K

1(P ) = e−
z
2K ⊗ P + P ⊗ e

z
2K

(6.20)

that, in spite of the non-triviality of the deformation, is still compatible with the undeformed
brackets (6.16). This deformation was first introduced in [22], and it was later recognized
as the dual of Woronowicz’s quantum (pseudo-)Euclidean group [34].

Therefore, the compatibility with (6.16) implies that the phase-space realization (6.18)
is also valid in the deformed case. If we consider again the time translationH as the
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Hamiltonian functionH, theN th generalization of the deformed coproduct and the phase-
space realization (6.18) gives rise to the integrable system defined by

H(N)
z (q,θ) =

N∑
i=1

coshθi exp

(
− z

2

( i−1∑
j=1

qj

)
+ z

2

( N∑
k=i+1

qk

))
. (6.21)

This system presents strong analogies with respect to the so-called Ruijsenaars–Schneider
Hamiltonian [23], which is a relativistic analogue of Calogero–Moser systems.

The integrals of motion are obtained, as usual, from theN th order deformed coproducts
of the Casimir (6.17). A straightforward computation shows that they are

C(m)z (q,θ) =
m∑
i<j

2 cosh(θi − θj ) exp

(
− z

2
(qi − qj )− z

( i−1∑
l=1

ql

)
+ z

( N∑
k=j+1

qk

))
.

(6.22)

Note that in this case additional integrals appear due to the fact thatP commutes withH .
In particular, the deformedN th coproduct ofP

P (N)z (q,θ) =
N∑
i=1

sinhθi exp

(
− z

2

( i−1∑
j=1

qj

)
+ z

2

( N∑
k=i+1

qk

))
(6.23)

will Poisson-commute with bothH(N)
z andC(N)z .

7. Angular momentum realizations

The coalgebra symmetry that gives rise toN integrals of motion in involution is not restricted
to the use of canonical realizations. We shall consider in this section its application to the
construction of classical integrable ‘angular momentum’ chains through theso(2, 1) Poisson
coalgebra given by a primitive coproduct and the Poisson bivector

3 = σ3∂σ2 ∧ ∂σ1 − σ1∂σ2 ∧ ∂σ3 + σ2∂σ3 ∧ ∂σ1 (7.1)

afterwards, its deformed counterpart (2.13) will be examined and the consequences of the
deformation analysed.

These examples will also stress the possibilities of applying the actual formalism to
the quantum mechanical context. From the following examples it will become clear that
quantization will imply (up to sometimes important contributions coming from reordering)
the substitution of theσ coordinates by the corresponding Pauli matrices. In this way, the
so(2, 1) systems can be interpreted as Gaudin magnets, and the quantum deformation of the
coalgebra will introduce a variable range interaction in the model. An exhaustive study of
these aspects will be presented elsewhere.

7.1. Theso(2, 1) model: Classical XYZ Gaudin magnet

Let us now consider the Poisson bracket (7.1) corresponding to theso(2, 1) Lie algebra,
which is tantamount to considering—in our language—the realizationS

S(J2) = σ2 S(J1) = σ1 S(J3) = σ3 (7.2)

that will be completely defined provided the valuec = σ 2
2 − σ 2

1 − σ 2
3 is given. Now,

a straightforward replica of the generalized Calogero systems of the previous section is
provided byN -copies of (7.2) (that we shall distinguish with the aid of a superindexσ ki
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and that could have different valuesck of the Casimir) and the (undeformed)N th coproduct
(4.9). Therefore, we have the (quite trivial) realization for the coproducts

(S ⊗ S . . .N) ⊗ S)(1(N)(σi)) =
N∑
k=1

σ ki i = 1, 2, 3. (7.3)

If we preserve (3.7) as a Hamiltonian function, theorem 2 provides the following integrable
Hamiltonian:

H(N)(σ) =
( N∑

l=1

σ l2

)2

+ κ2

( N∑
l=1

σ l1

)2

+ κ1

( N∑
l=1

σ l3

)2

=
N∑
l=1

{(σ l2)2+ κ2(σ
l
1)

2+ κ1(σ
l
3)

2} + 2
N∑
i<j

{σ i2σ j2 + κ2σ
i
1σ

j

1 + κ1σ
i
3σ

j

3 }. (7.4)

That is, a classical long-range interactingXYZ angular momentum chain of the Gaudin
type [24, 35, 36].

The constants of motion are derived from themth coproducts of the Casimir function
C = J 2

2 − J 2
1 − J 2

3 in the usual way and read,

C(m)(σ) =
m∑
l=1

cl + 2
m∑
i<j

σ i2σ
j

2 − σ i1σ j1 − σ i3σ j3 . (7.5)

Since the first term is constant, we are lead to the hyperbolicXXX-Gaudin system. Note that
this system becomes the keystone for the integrability of any finite chain obtained through
an arbitrary function of theso(2, 1) generators. On the other hand, this construction can
be immediately quantized by transforming (7.2) into a representation in terms of angular
momentum operators and by taking into account the corresponding discrete values for the
Casimir operators.

7.2. Uz(so(2, 1)) andXYZ model with variable range exchange

Let us now construct an integrable deformation of theXYZ classical Gaudin system through
Uz(so(2, 1)). The Poisson realizationSz that we are going to consider is

Sz(J̃2) = σ̃2 Sz(J̃1) = σ̃1 Sz(J̃3) = σ̃3 (7.6)

with cz given by (2.14). Note that thẽσi coordinates are not the classical ones (they live
on a deformed hyperboloid (2.14)), although we shall consider a particular representation
in terms of the classical structure (7.1) later.

As usual, the comultiplication map (4.10) and the chosen realizationSz gives rise to the
following functions expressing theN th-order coproduct of thẽJi generators:

(Sz ⊗ Sz . . .N) ⊗ Sz)(1(N)(J̃1)) =
N∑
l=1

( l−1∏
i=1

e−
z
2 σ̃

i
2

)
σ̃ l1

( N∏
j=l+1

e
z
2 σ̃

j

2

)

(Sz ⊗ Sz . . .N) ⊗ Sz)(1(N)(J̃2)) =
N∑
l=1

σ̃ l2

(Sz ⊗ Sz . . .N) ⊗ Sz)(1(N)(J̃3)) =
N∑
l=1

( l−1∏
i=1

e−
z
2 σ̃

i
2

)
σ̃ l3

( N∏
j=l+1

e
z
2 σ̃

j

2

)
.

(7.7)
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If we consider now the Hamiltonian function (3.13), itsN th-order coproduct leads, through
the usual method, to the following deformation of the clasical GaudinXYZ system (7.4):

H(N)
z (σ̃) =

N∑
l=1

{(σ̃ l2)2+ e2zβi (κ2(σ̃
l
1)

2+ κ1(σ̃
l
3)

2)}

+2
N∑
i<j

{σ̃ i2σ̃ j2 + ezαij (κ2σ̃
i
1σ̃

j

1 + κ1σ̃
i
3σ̃

j

3 )} (7.8)

where theβ, α functions depend oñσ2 as follows:

βi = − 1
2

( i−1∑
j=1

σ̃
j

2

)
+ 1

2

( N∑
k=i+1

σ̃ k2

)

αij = βi + βj = − 1
2(σ̃

i
2 − σ̃ j2 )−

i−1∑
l=1

σ̃ l2 +
N∑

k=j+1

σ̃ k2 .

(7.9)

This Hamiltonian corresponds to a sort ofXYZ Gaudin magnet with variable range
anisotropy given by theαij functions. In the limitz → 0 we recover the non-deformed
XYZ system (7.4). Note that the commutativity among theσ̃ li allows such a compact final
expression, that will certainly contain additional terms in the quantum mechanical case. The
complete integrability of such a Hamiltonian is ensured by themth deformed coproducts
(m 6 N) of Cz (2.8) in theSz representation. A closed expression for them is not difficult
to find by recalling formula (6.14):

C(m)z (σ̃) =
m∑
l=1

e2zβiCiz + 2
m∑
i<j

ezαij

{
sinh( z2 σ̃

i
2)

z/2

sinh( z2 σ̃
j

2 )

z/2
− σ̃ i1σ̃ j1 − σ̃ i3σ̃ j3

}
(7.10)

whereCiz are the corresponding deformed Casimir functions on each lattice site. As usual,
theN th Casimir can be considered as the Hamiltonian. In that case, any of the coproducts
(7.7) can be used to complete the integrals of the motion.

7.2.1. The zero representation.We insist now on the fact that thẽσi coordinates are
deformed ones. However, realizations in terms of the non-deformed variablesσj are
available. In particular, let us consider the (deformed) Poisson realizationUz

Uz(J̃2) = σ2 Uz(J̃1) =
sinh( z2σ2)

σ2z/2
σ1 Uz(J̃3) =

sinh( z2σ2)

σ2z/2
σ3. (7.11)

The functions defined by (7.11) close anUzso(2, 1) under the Poisson bracket (7.1) and
provided that the classical coordinates are defined on thec = 0 coneσ 2

2 − σ 2
1 − σ 2

3 = 0. In
this case, the previous construction leads to the following Hamiltonian:

H(N)
z (σ) =

N∑
l=1

(σ l2)2+ e2zβi

(
sinh( z2σ

l
2)

σ l2z/2

)2

(κ2(σ
l
1)

2+ κ1(σ
l
3)

2)


+2

N∑
i<j

{
σ i2σ

j

2 + ezαij
sinh( z2σ

i
2)

σ i2z/2

sinh( z2σ
j

2 )

σ
j

2 z/2
(κ2σ

i
1σ

j

1 + κ1σ
i
3σ

j

3 )

}
. (7.12)

The constants of motion are easily computed and read (in our representationCz = 0):

C(m)z (σ) = 2
m∑
i<j

ezαij
sinh( z2σ

i
2)

σ i2z/2

sinh( z2σ
j

2 )

σ
j

2 z/2
{σ i2σ j2 − σ i1σ j1 − σ i3σ j3 }. (7.13)
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In this case,C(m)z are hyperbolic Gaudin Hamiltonians with variable range exchange.
An analysis of long-range Hamiltonians and some examples of variable range interacting
systems can be found in [36] and [25], respectively.

8. Concluding remarks

Summarizing, we have demonstrated that any algebraA endowed with a coassociative
coproduct1 (either deformed or not) can be seen as the abstract object that, after choosing
a given representation, gives rise in a direct and systematic way to a wide class ofN -
dimensional integrable systems (withN finite but arbitrary). Within this class of systems,
the original coalgebra is not only a set of symmetries, but the algebraic object that generates
explicitly the Hamiltonian and the constants of motion. Moreover, the theory can be used
to generate both classical and quantum systems by choosing, respectively, either a Poisson
or an operatorial realization ofA.

The universality of the coalgebra-induced construction that we have presented in this
paper suggests a number of further investigations in different contexts. From a general
point of view we would like to mention the unsolved question concerning the existence
of a Lax formulation for this scheme and its connection with the integrability properties
of the known quantum algebra invariant Hamiltonians. On the other hand, a symmetry
method in order to decide whether a known system is coalgebra invariant or not would
evidently be helpful. In this sense, the long-range interacting nature of our construction is
worth emphasizing, although not essential (we recall that known quantum algebra invariant
systems usually contain only nearest neighbour interactions).

As a consequence arising at a purely ‘classical’ level, phase-space realizationsD of Lie
algebras become relevant tools in order to construct new examples. If such a realization
exists in terms of only one pair of canonical coordinates, complete integrability is ensured.
However, for Lie algebras with rank greater than one, both the existence of various Casimir
functions and the possibility of havingD realizations depending on more than one canonical
pair have to be taken into account in order to analyse the complete integrability of the system.

The explicit solutions for the examples presented here also deserve further investigations.
Known results concern theso(2, 1) Calogero system defined through the Casimirs (6.3), that
was already solved in [20]. TheN = 2 deformed motion has also been shown to be solvable
(and it includes a deformed period) in [37]. For arbitraryN , the quantum deformation can
be seen as a displacement from the geodesic motion (on a proper manifold) that characterizes
the non-deformed system. All these results concerning the canonical realization should be
completed and translated into the behaviour of the Gaudin systems defined through the
angular momentum Poisson bracket.

Finally, we think that these results provide a strong physical motivation for Hopf algebra
deformations, since they could now be systematically used to generate new integrable
systems (we recall that the (1+ 1) Poincaŕe example shows that such deformed systems
can be interesting even when their non-deformed counterparts are associated with trivial
dynamics). It is known that the number of Hopf algebra deformations for a givenU(g) is
not arbitrary; in fact, their classification is intimately linked to the notion of Lie bialgebra
and, for some low-dimensional cases, complete (and constructive) classifications of quantum
deformations have recently been obtained [15]. Therefore, a coalgebra invariant Hamiltonian
constructed from a giveng can be ‘integrably’ deformed in a finite number of ways
that, at least in some cases, can be explicitly obtained and will certainly provide a better
understanding of the physical relevance of coalgebra symmetries.
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Appendix A

The equivalence between definition (4.5) and the usual ones (4.3), (4.4) is obvious for the
N = 3 case, being expressed in terms of the coassociativity condition (4.1). The case
N = 4 is also easy to check by direct computation. Therefore, we shall prove the general
case by induction, by taking into account that, for a genericN + 1, we have to prove that
any value ofm = 1, . . . , N in the definition (4.5) leads to (4.3), (4.4).

We shall assume that

1(N) := (1(m) ⊗1(N−m)) ◦1(2) ∀m = 1, . . . , N − 1 (A.1)

holds, and we have to prove that

1(N+1) := (1(k) ⊗1(N−k+1)) ◦1(2) ∀k = 1, . . . , N. (A.2)

If we denote id(r) ≡ id⊗id . . .r)⊗id, from (4.4) we can compute1(N+1) in the following
way:

1(N+1) = (1(2) ⊗ id(N−1)) ◦1(N)

= (1(2) ⊗ id(N−1)) ◦ (1(m) ⊗1(N−m)) ◦1(2)

= (((1(2) ⊗ id(m−1)) ◦1(m))⊗1(N−m)) ◦1(2)

= (1(m+1) ⊗1(N−m)) ◦1(2) (A.3)

where we can choose∀m = 1, . . . , N − 1. Therefore, the validity of (A.2) is proven for
k = 2, . . . , N .

The only relation which remains to be proven is the casek = 1, that reads

1(N+1) := (id⊗1(N)) ◦1(2). (A.4)

In this case we can compute its equivalence with respect to the known recurrence (4.4) as
follows:

1(N+1) = (1(2) ⊗ id(N−1)) ◦1(N)

= (1(2) ⊗ id⊗ id(N−2)) ◦1(N)

= (1(2) ⊗ id⊗ id(N−2)) ◦ (1(2) ⊗1(N−2)) ◦1(2)

= (((1(2) ⊗ id) ◦1(2))⊗1(N−2)) ◦1(2)

= (((id⊗1(2)) ◦1(2))⊗1(N−2)) ◦1(2)

= (id⊗1(2) ⊗ id(N−2)) ◦ (1(2) ⊗1(N−2)) ◦1(2)

= (id⊗1(2) ⊗ id(N−2)) ◦1(N)

= (id⊗1(2) ⊗ id(N−2)) ◦ (id⊗1(N−1)) ◦1(2)

= (id⊗ ((1(2) ⊗ id(N−2)) ◦1(N−1))) ◦1(2)

= (id⊗1(N)) ◦1(2). (A.5)
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Finally, note that the equivalence between the ordinary definitions (4.3) and (4.4) is obtained
as a byproduct from this derivation by considering thek = N case.

Appendix B

The aim of this appendix is to prove the homomorphism condition (4.8) that we shall split
into the commutator and Poisson cases, respectively. As usual, theN = 2 case is part of
the definition of a (Poisson) Hopf algebra, and we shall proceed by induction.

B.1.1(N) as a homomorphism

Let us consider the algebraA endowed with an associative product(·) that we shall now
explicitly write. We know that, by definition, the coproduct1(2) is a homomorphism
betweenA andA⊗ A:

1(2)(X · Y ) = 1(2)(X) ·1(2)(Y ) ∀X, Y ∈ A. (B.1)

If we assume that1(N−1) is a homomorphism, by using Sweedler’s notation,

1(2)(X) =
∑
α

X1α ⊗X2α 1(2)(Y ) =
∑
β

Y1β ⊗ Y2β (B.2)

and by recalling the definition of1(N) in terms of1(N−1) and1(2), we have that

1(N)(X) ·1(N)(Y ) = ((1(N−1) ⊗ id) ◦1(2)(X)) · ((1(N−1) ⊗ id) ◦1(2)(Y ))

=
∑
α,β

(
1(N−1)(X1α)⊗X2α

) · (1(N−1)(Y1β)⊗ Y2β
)

=
∑
α,β

1(N−1)(X1α · Y1β)⊗X2α · Y2β

= (1(N−1) ⊗ id)

(∑
α,β

X1α · Y1β ⊗X2α · Y2β

)
= (1(N−1) ⊗ id) ◦1(2)(X · Y ) = 1(N)(X · Y ). (B.3)

This result holds for(·) being either a commutative or a non-commutative product. In the
latter case, the homomorphism condition for the commutator [X, Y ] := X · Y − Y · X is
immediately deduced from this result.

B.2.1(N) as a Poisson map

Let us assume that(A,1(2)) is a Poisson–Hopf algebra and that the(N − 1)th coproduct
fulfils

{1(N−1)(X),1(N−1)(Y )}A⊗A⊗...N−1)⊗A = 1(N−1)({X, Y }A) ∀X, Y ∈ A. (B.4)

(Hereafter we shall supress the subscripts that label the space where the Poisson bracket is
defined.) From (4.5) we can write

{1(N)(X),1(N)(Y )} = {(1(N−1) ⊗ id) ◦1(2)(X), (1(N−1) ⊗ id) ◦1(2)(Y )}. (B.5)

With the aid of (B.2) we can compute it explicitly:

{1(N)(X),1(N)(Y )} =
{
(1(N−1) ⊗ id)

(∑
α

X1α ⊗X2α

)
, (1(N−1) ⊗ id)

(∑
β

Y1β ⊗ Y2β

)}
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=
∑
α,β

{1(N−1)(X1α)⊗X2α,1
(N−1)(Y1β)⊗ Y2β}

=
∑
α,β

({1(N−1)(X1α),1
(N−1)(Y1β)} ⊗X2α · Y2β

+(1(N−1)(X1α) ·1(N−1)(Y1β))⊗ {X2α, Y2β})
=
∑
α,β

(1(N−1)({X1α, Y1β})⊗ (X2α · Y2β)+1(N−1)(X1α · Y1β)⊗ {X2α, Y2β})

=
∑
α,β

(1(N−1) ⊗ id)({X1α, Y1β} ⊗ (X2α · Y2β)+ (X1α · Y1β)⊗ {X2α, Y2β})

=
∑
α,β

(1(N−1) ⊗ id)({X1α ⊗X2α, Y1β ⊗ Y2β})

= (1(N−1) ⊗ id)

({∑
α

X1α ⊗X2α,
∑
β

Y1β ⊗ Y2β

})
= ((1(N−1) ⊗ id) ◦1(2))({X, Y }) = 1(N)({X, Y }). (B.6)

Throughout this computation we have used the Poisson-map condition (B.4) for1(N−1)

and the homomorphism condition for the (now commutative)(·) product in the Poisson
algebra. Note that the proof (b) of the commutative (Poisson) case is more involved. In
this classical mechanical context we have to impose the compatibility of1 with respect to
two independent products: the (commutative) ‘pointwise’ one(·) and the Poisson bracket
{, }. In contrast, in the ‘quantum-mechanical’ case the latter is replaced by the commutator,
which is constructed in terms of the former (now non-commutative).
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